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Abstract
The properties of the square array of coupled Microring Resonators (MRRs) with interstitial rings are studied. Dispersion
behavior of the interstitial square coupled MRRs is obtained through the transfer matrix method with the Floquet-Bloch periodic
condition. Analytical formulas of the eigen wave vectors, band gaps and eigen mode vectors are derived for the special cases
of the interstitial square coupled MRRs array with identical couplers and the regular square coupled MRRs array without the
interstitial rings. Then, the eigen modes’ field distribution are calculated for each of the four eigen wave vectors for a given
frequency through the secular equation. Finally, numerical simulation is performed for an interstitial square coupled MRRs array
with identical couplers and a regular square coupled MRRs array. The simulation result verifies the analytical analysis. Finally,
the loaded quality factors of the interstitial 5-ring configuration, the regular 4-ring configuration and the 1-ring configuration are
obtained. It is found that the loaded quality factor of the interstitial 5-ring configuration is up to 20 times and 8 times as high as
those of the 1-ring configuration and the regular 4-ring configuration respectively, mainly due to the degenerated eigen modes at
the resonant frequency. Thus, the interstitial square coupled MRRs array has the great potential to form high-quality integrated
photonics components, including filters and resonance based sensing devices like the parity-time symmetric sensors.
Index Terms
Microring resonators (MRRs), periodic array, dispersion, quality factor Q.
I. INTRODUCTION
COMPARED to low-frequency electromagnetic waves [1]-[52], optics wave has the advantage of broad bandwidth [53]-[63]. In particular, photonics integrated circuitry has been critical for optical network and sensing platform due to its
compactness, fast speed, broad bandwidth and low-power consumption. On one hand, the next-generation communication
network is pushing the optical infrastructure to the last-mile end user for higher data rate due to its broader bandwidth; On the
other hand, the demand on higher sensitivity of the sensing platform requires better photonics integrated circuits. To achieve
multi-function photonics integrated circuits, more optical components and devices are required on an optical chip of small
footprint.
In the past decades, Microring Resonators (MRRs) have been considered as one of the strong candidates for building
blocks of the optical components and devices, due to its microns in size and simple planar structure suitable for fabrication.
MRRs are basically close-loop light wave guiding structures that circulate the light wave around it for many times. When
the round-trip length is an integer number of wavelengths, resonance forms within the MRRs. The transmission phases of
the MRRs at resonance change abruptly and the group velocities reduce dramatically, providing an efficient way to slow the
light wave. Such slow-light phenomenon has been explored to realize many critical optical components/devices, including the
high-performance filter such as add-drop filters [64] and wavelength division multiplexers [65], [66], optical delay lines [67],
Parity-Time (PT) symmetric devices [68], nonlinear light-wave and materials interaction such as four wave mixing [69], optical
parametric generation [70], [86], single-photon/photon-pair source [71], [81], [88], frequency comb generation [92], optical
quantum computing [84], as well as high-quality sensors [90], [85], [98], [96]. Depending on its geometry, two typical MRRs
are actively studied, i.e., the circular MRRs and the racetrack MRRs. The performance of optical components/devices made of
MRRs depends on their quality factor Q, which is a function of the ratio between the stored energy within the MRRs and the
energy loss [80], [94], [97]. To achieve optical components/devices of high Q, better MRRs structures are needed for efficient
energy confinement and storage and loss has to be reduced [80]. On one hand, to design better MRRs structures, multi-ring
geometries and ring-waveguide coupling schemes have to be designed. The Coupled Resonator Optical Waveguide (CROW
[97], [76], [77], [78]) and the Side-Coupled Integrated Space Sequenced Optical Resonator (SCISSOR [75], [79]) are great
examples to achieve high-performance filters; On the other hand, to reduce the loss, better materials and fabrication process
are needed.
Although microring resonators can be made on platform of various materials [91], [87], [82], [83], [89], it is well known
that silicon-on-insulator process has been very advanced, thanks to the rapid progress of the silicon electronic applications.
So mass production of high-quality scalable MRRs on the silicon platform is made possible [100], [99]. Another advantage
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of silicon platform is its high refractive index contrast: the silicon core has a refractive index of ∼ 3.47 and the silicon oxide
bottom substrate cladding has a refractive index of ∼ 1.44. Such high refractive index contrast allows very compact light wave
guiding silicon waveguide/wire with width and height down to ∼ 400− 500nm and ∼ 200− 250nm respectively [100]. It has
been shown that MRRs with radii down to 1µm can be realized [100], [99].
In the literature, many works have been devoted to the study of single/double/multiple MRRs and 1D arrays, including single
waveguide bus coupled to MRRs, double waveguide buses coupled to MRRs, multiple-ring CROW [97], [95], and SCISSOR
light guiding structures [75], [79]. However, 2D array of MRRs is less explored. Due to its importance in realizing high-quality
multiple-ring resonant structures [73], in this paper, the 2D interstitial squared coupled MRRs array is studied. Specifically,
dispersion curves between the light wave propagation vector and its corresponding frequency is obtained through the Transfer
Matrix Method (TMM) for the periodic Floquet-Bloch condition [74]; Analytical formulas of eigen wave vectors, band gaps
and eigen modes are derived for the special cases of identical couplers and the regular square coupled MRRs array without
the interstitial ring coupling. Then, numerical simulation is performed to verify the analytical analysis.
Fig. 1. The geometry of the 2D interstitial square coupled MRRs array showing 4 unit cells.
The rest of the paper is organized as follows. First, in Section II, the geometry of the 2D interstitial square coupled MRRs
array is shown; followed by the TMM formulation of the problem in Section III, as well as the derivation of transfer matrix of
the 2D interstitial coupled MRRs array and the secular equation in Section IV; then the analytical analysis of the dispersion
relation, the band gaps and the eigen modes are presented in Section V, Section VI and Section VII respectively; finally, the
numerical simulation and results are shown in Section VIII; followed by the application discussion in Section IX and the
conclusion of the paper in Section X.
II. 2D INTERSTITIAL SQUARE COUPLED MRRS ARRAY
The geometry structure of the 2D interstitial square microring resonators array is shown in Fig. 1 where 4 unit cells are
shown. Rings (#1,#2,#3,#4) are the larger site-rings on the 2D square lattice and ring (#0) is the smaller interstitial ring.
The 4 larger site-rings are identical in size and coupled to the middle smaller interstitial-ring. The unit cell of the 2D interstitial
square coupled MRRs array is shown in Fig. 2. Also shown are dimensions for the structure: Ri/R0,= 1, 2, 3, 4 and w/w0
are the radii and widths of the larger site-ring and smaller interstitial-ring respectively; similarly, d/d0 are the gap distance
between the larger site-rings and the gap distance between the larger site-ring and the smaller interstitial-ring respectively;
finally, Li, i = 1, 2, 3, 4 are the 45◦-arc lengths of the larger site-rings and L0 is the 45◦-arc length of the smaller interstitial-ring.
Couplers between the site-rings (at the left/bottom/right/top locations) are called the site-site couplers and couplers between
the site-ring and the interstitial-ring (at the C1/C2/C3/C4 locations) are called the site-interstitial couplers. The coupling
coefficients of the site-site coupler and the site-interstitial coupler are defined as κi, i = 1, 2, 3, 4 and κ0 respectively [93]. In
particular, the interstitial square coupled MRRs array has the C4v symmetry [72] when Ri = R;Li = L, i = 1, 2, 3, 4 and
κi = κ0.
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Fig. 2. One unit cell showing the dimensions.
III. TMM FORMULATION
For periodic structure, Floquet-Bloch theory applies and states that the field on the periodic lattice repeats itself with a
propagation phase proportional to the propagation wave vector. Mathematically, for any angular frequency ω, a wave vector
k(ω) = kx(ω)xˆ+ ky(ω)yˆ exists such that,
E[i′xpx, i
′
ypy] = P {k(ω),∆ix,∆iy}E[mpx, npy], (1)
with the propagation phase defined as,
P {k(ω),∆ix,∆iy} ≡ e−j(kx∆ixpx+ky∆iypy),
where E is the field vector at each port defined on the edges of the unit cell in Fig. (2); px, py are the lattice periods in xˆ and yˆ
directions respectively; (ix, iy) and (i′x, i
′
y) are integers at two different lattice sites and (∆ix = i
′
x− ix,∆iy = i′y − iy) is the
vector difference between them. Note that due to periodicity, kx/y +Mpi/px/y,M = (−∞,∞) is considered to be equivalent.
So, it is only necessary to consider (kx, ky) in the first Brillouin Zone (BZ). Also, for the rest of this paper, we assume that
the periods are the same for both xˆ and yˆ directions: px = py = p, following the Cv symmetry [72].
It is well known that the transfer matrix connects the field at adjacent unit cells [97], [74] as follows,
E[(ix + 1)p, (iy + 1)p] = TE[mp, np]. (2)
Substituting Eq. (2) into Eq. (1), the following dispersion relation between the angular frequency ω and the wave vector
k(ω) as follows, {
T (ω)− P {k(ω),∆ix,∆iy}
}
E[mp, np] = 0, (3)
where P is the phase propagation matrix depending on the wave vector k and the detailed arrangement of the field vector
E. The k − ω dispersion curve is then obtained by solving the eigen-values/eigen-vectors problem of Eq. (3) after setting
∆ix = ∆iy = 1 for the unit cell, which requires that the following secular equation to be satisfied,[
T cell(ω)− P cell {k(ω)}
]
i = 0, (4)
with i being the input array of E arranged in an appropriate sequence according to a specific geometry under study.
In order for the eigen problem of the secular equation in Eq. (4) to have solution, its determinant should be zero,
Det ≡
∣∣∣T cell(ω)− P cell {k(ω)}∣∣∣ = 0. (5)
It is clear that to obtain the dispersion relation according to Eq. (4), the transfer matrix of the unit cell T cell(ω) has to be
obtained first.
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TABLE I
(4× 4) TRANSFER MATRICES AND SCATTERING MATRIX OF THE COUPLER
Scattering Matrix Transfer Matrix: (I, II) Input Ports Transfer Matrix: (I, III) Input Ports
S =
 0 0 τ jκ0 0 jκ ττ jκ 0 0
jκ τ 0 0
 T (I,II)(III,IV ) =
jκ τ 0 0τ jκ 0 00 0 −jκ τ
0 0 τ −jκ
T (I,III)(II,IV ) =

0 j 1
κ
−j τ
κ
0
j 1
κ
0 0 −j τ
κ
j τ
κ
0 0 −j 1
κ
0 j τ
κ
−j 1
κ
0κ

IV. TRANSFER MATRIX OF THE 2D INTERSTITIAL SQUARE ARRAY
To obtain the unit-cell transfer matrix T cell for the 2D interstitial square coupled MRRs array, the forward and backward
propagating waves at each port of the unit cell have been defined in Fig. 2: ai, i = 1, 2, · · · , 8 are the forward propagating
waves and bi, i = 1, 2, · · · , 8 are the backward propagating waves at each port respectively. The incident input waves array
is then given as i = [a1,a2,a5,a6,b1,b2,b5,b6]′, with the superscript ′ being the transpose operator. Similarly, the output
waves array is given by o = [b3,b4,b7,b8,a3,a4,a7,a8]′. So the unit-cell transfer matrix is a 8-by-8 matrix that connects
the input and output field vectors of the unit cell,
o = T
(8×8)
cell i, (6)
and the transfer matrix can be obtained by connecting all coupling ports with the (4 × 4) transfer matrices given in Table I.
The (4×4) transfer matrices with various inputs combination can be derived from the (4×4) scattering matrix of the coupler,
as shown in Appendix A. Then the secular equation for the obtained (8× 8) transfer matrix is obtained according to Eq. (4),T (8×8)cell −
P (4×4)x,cell {kx(ω)} 0
0 P
(4×4)
y,cell {ky(ω)}
 i = 0, (7)
with
P
(4×4)
u,cell {ku(ω)} = e−j(ku(ω)pu)I
(4×4)
, u = x, y.
The eigen wave vector k(ω) = [kx(ω), ky(ω)]′ can be obtained by solving the determinant equation of Eq. (5),∣∣∣∣∣∣T (8×8)cell −
P (4×4)x,cell {kx(ω)} 0
0 P
(4×4)
y,cell {ky(ω)}
∣∣∣∣∣∣ = 0. (8)
V. DISPERSION RELATION
The general form of the transfer matrix and the corresponding determinant of the secular equation given in Eq. (4) are very
complicated and contains little insight to understand the dispersion relation. Such general case can only be studied through
numerical simulation, which is shown later. However, analytical results exist for special cases, which are of particular interest
to understand some properties of the dispersion relation. Here the special cases of equivalent arc phases or ΦLi ≡ ΦL ≡
mod(2piLi/λ, 2pi), i = 0, 1, 2, 3, 4 are studied for: A) identical couplers, i.e., κi = κ0 = κ, i = 1, 2, 3, 4; and B) regular square
coupled MRRs array, i.e., κ0 = 0.
A. Identical Couplers
In this case, analytical formulas are available for some typical arc lengths of the coupled MRRs and their phases defined
as ΦLi ≡ ΦL ≡ 2piLi/λ, i = 0, 1, 2, 3, 4: i) 1/4-wavelength ring arc or Li = n/4λ; ΦLi = n/2pi, n = 1, 2, 3, · · · ; ii)
1/8-wavelength ring arc or Li = n/8λ; ΦLi = n/4pi, n = 1, 2, 3, · · · .
1) 1/4-wavelength ring arc: In this case, ΦL = npi/2 and the determinant of the secular equation is obtained as[
P 2xa(ky) + Pxb(ky) + c(ky)
]2
= 0, (9)
with
a(ky) = P
2
y + 2Py(1− 2κ2) + 1,
b(ky) = 2
(
P 2y + 1
)
(1− 2κ2) + 4Py(4κ6 − 4κ4 + 1),
c(ky) = P
2
y + 2Py(1− 2κ2) + 1,
where Px = e−jkxp and Py = e−jkyp are the propagation phases along xˆ and yˆ directions respectively.
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(i) BZ line Γ−M (kx, ky = 0): In this case, Py = 1 and the determinant of the secular equation in Eq. (9) reduces to the
following, [
P 2x + 2Px
(
1− 2κ4)+ 1]2 = 0, (10)
from which we can obtain the four doubly-degenerated eigen values,
P (1,2)x =
(
2κ4 − 1)+ j√1− (2κ4 − 1)2; (11)
P (3,4)x =
(
2κ4 − 1)− j√1− (2κ4 − 1)2.
The wave vector kx can be obtained from Eq. (11) as follows,
k(1,2)x =
arccos
{
2κ4 − 1}
p
; (12)
k(3,4)x = −
arccos
{
2κ4 − 1}
p
,
and the eigen wave vectors k(i)x , i = 1, 2, 3, 4 are real because
∣∣2κ4 − 1∣∣ ≤ 1 for κ ∈ [0, 1].
(ii) BZ line M −X (kx, ky = pi/p):
In this case, Eq. (9) reduces to the following,[
P 2x − 2Px
(
2κ4 − 2κ2 + 1)+ 1]2 = 0. (13)
Following similar procedure that leads to Eq. (12), the following is obtained,
k(1,2)x =
arccos
{
2κ4 − 2κ2 + 1}
p
; (14)
k(3,4)x = −
arccos
{
2κ4 − 2κ2 + 1}
p
,
and thus the eigen wave vectors k(i)x , i = 1, 2, 3, 4 are also all real.
2) 1/8-wavelength ring arc: In this case, ΦL = npi/4 and the determinant of the secular equation has the following
coefficients,
a(ky) = P
2
y + 2Py(κ
2 − 1) + 1,
b(ky) = 2
(
P 2y + 1
)
(2k2 − 1)− 4Py(4κ6 − 12κ4 + 8κ2 − 1),
c(ky) = P
2
y + 2Py(2κ
2 − 1) + 1.
(i) BZ line Γ−M (kx, ky = 0): In this case, the determinant of the secular equation is obtained as[
P 2x − 2Px
(
2κ4 − 6κ2 + 3)+ 1]2 = 0, (15)
from which the four eigen wave vectors k(i)x , i = 1, 2, 3, 4 can be obtained as follows,
k(1,2)x =
arctanh
{√
1− 1
(2κ4−6κ2+3)2
}
p
; (16)
k(3,4)x = −
arctanh
{√
1− 1
(2κ4−6κ2+3)2
}
p
,
which are imaginary for κ ∈ [0, (3−√5) /2), which means exponential decay/loss and growth/gain for negative/positive
imaginary values respectively. For κ ∈ [(3−√5) /2, 1], the eigen wave vectors k(i)x , i = 1, 2, 3, 4 are real and given by,
k(1,2)x =
arccos
{
2κ4 − 6κ2 + 3}
p
; (17)
k(3,4)x = −
arccos
{
2κ4 − 6κ2 + 3}
p
.
(ii) BZ line M −X (kx, ky = pi/p):
In this case, the determinant of the secular equation is obtained as follows,[
P 2x − 2Px
(
2κ4 − 4κ2 + 1)+ 1]2 = 0, (18)
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from which the four doubly-degenerated eigen wave vectors k(i)x , i = 1, 2, 3, 4 can be obtained as follows,
k(1,2)x =
arccos
{
2κ4 − 4κ2 + 1}
p
; (19)
k(3,4)x = −
arccos
{
2κ4 − 4κ2 + 1}
p
,
which are all real because
∣∣2κ4 − 4κ2 + 1∣∣ ≤ 1.
B. Regular Square Coupled MRRs Array
When the interstitial rings are decoupled from the site rings, it becomes the regular square coupled MRRs array. The general
dispersion can be obtained as follows,
4κ2τ2
(
P 4x + 1
)
P 2yP
8
L + 4κ
2τ2P 3xPy
(
P 2y + 1
)
P 4L
(
P 8L + 1
)
+ 4κ2τ2PxPy
(
P 2y + 1
)
P 4L
(
P 8L + 1
)
(20)
+P 2x
{(
1 + P 4y
) (
4κ2τ2P 8L
)
+ P 2y
(
P 4L − 2κP 2L + 1
) (
P 4L + 2κP
2
L + 1
) [
P 8L + 2(2κ
2 − 1)P 4L + 1
]}
= 0.
1) 1/4-wavelength ring arc: When the arc length of the ring is an integer number n of quarter wavelength (n/4λ), ΦL =
n/2pi and Eq. (20) reduces to the following,
(Px + Py)
2
(PxPy + 1)
2
= 0, (21)
which doesn’t depend on the coupling coefficient κ and two doubly degenerated solutions are obtained,
Px = −Py; and Px = − 1
Py
, (22)
and the doubly-degenerated eigen wave vectors are given by,
k(1,2)x =
pi
p
+ ky, k
(3,4)
x =
pi
p
− ky. (23)
In particular, the four eigen wave vectors are all degenerated for ky = 0 or ky = pi/p,
k(1,2,3,4)x =
pi
p
, for ky = 0, (24)
k(1,2,3,4)x = 0, for ky =
pi
p
,
where kx = 0 and kx = 2pi/p are equivalent due to the periodicity.
2) 1/8-wavelength ring arc: When the arc length of the ring is an integer number n of 1/8 wavelength (n/8λ), ΦL = n/4pi
and Eq. (20) reduces to the following,
(Px − Py)2 (PxPy − 1)2 = 0, (25)
from which the two doubly degenerated solutions are obtained as follows,
Px = Py; and Px =
1
Py
, (26)
and the four doubly-degenerated eigen wave vectors given by,
k(1,2)x = ky, k
(3,4)
x =
pi
p
− ky. (27)
Similarly, the four eigen wave vectors are all degenerated for for ky = 0 or ky = pi/p,
k(1,2,3,4)x = 0, for ky = 0, (28)
k(1,2,3,4)x =
pi
p
, for ky =
pi
p
.
VI. BAND GAPS
The band gap of the dispersion can be obtained by finding the minimum distance of the dispersion curve along the BZ lines
Γ−M −X − Γ. The solutions of PL for Γ/M/X points can be obtained by setting (kx = 0, ky = 0), (kx = 0, ky = pi/p),
(kx = pi/p, ky = pi/p) respectively in the transfer matrix T
(8×8)
of the secular equation in Eq. (7).
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A. Identical Couplers
In this case, κ0 = κi and the Γ/M/X points are obtained by solving Eq. (29), Eq. (30) and Eq. (31) below respectively,
P 8L + P
4
L
(
2− 4κ4)+ 1 = 0, (29)
P 16L + P
12
L
(
16κ6 − 40κ4 + 24κ2 − 4)+ P 8L (16κ8 − 64κ6 + 96κ4 − 48κ2 + 6)
+P 4L
(
16κ6 − 40κ4 + 24κ2 − 4)+ 1 = 0,
P 16L + P
8
L
(−16κ8 + 16κ6 − 2)+ 1 = 0, (30)
P 16L + P
12
L
(−16κ6 + 32κ4 − 16κ2)+ P 8L (−16κ8 + 48κ6 − 64κ4 + 32κ2 − 2)
+P 4L
(−16κ6 + 32κ4 − 16κ2)+ 1 = 0,
P 8L + P
4
L
(
4κ4 − 4κ2 + 2)+ 1 = 0, (31)
P 16L + P
12
L
(
16κ6 − 24κ4 + 16κ2 − 4)+ P 8L (16κ8 − 32κ6 + 48κ4 − 32κ2 + 6)
+P 4L
(
16κ6 − 24κ4 + 16κ2 − 4)+ 1 = 0.
B. Regular Square Coupled MRRs Array
The Gamma/M/X points of the regular square coupled MRRs array can be obtained in a similar way. It is found that the
Γ point and the X point are identical, which satisfies the following equation,
PL = e
j±pi4 ; ej±
3pi
4 , (32)
P 4L ± 2P 2L
(
1− 2κ2)+ 1 = 0.
The M point equation is given by,
PL = ±1;±j, (33)
P 8L + 2P
4
L
(
8κ4 − 8κ2 + 1)+ 1 = 0.
VII. EIGEN MODES
The eigen values and eigen modes can be obtained by solving the secular equation in Eq. (7). The general forms of the eigen
values and eigen modes can only be obtained through numerical simulation. However, for some typical cases of particular
interest, analytical formulas can help to understand the behaviors of the 2D interstitial square coupled MRRs array.
A. Identical Couplers
When κ = κ0, analytical forms of the eigen values can be obtained for some particular cases.
1) 1/4-wavelength ring arc: In this case, the Bloch eigen modes are doubly degenerated and their eigen values can be
obtained. However, the analytical forms of the eigen vectors are very complicated and they are better obtained numerically.
(i) For ky = 0,
P±x (kx) = 2κ
4 ± 2κ2
√
κ4 − 1− 1.
(ii) For ky = pi/p,
P±x (kx) = 2κ
2(κ2 − 1) + 1± 2k
√
κ6 − 2κ4 + 2κ2 − 1.
2) 1/8-wavelength ring arc: In this case, the eigen values are given as follows,
(i) For ky = 0,
P±x (kx) = 2κ
2(κ2 − 3) + 3± 2
√
κ8 − 6κ6 + 12κ4 − 9κ2 + 2.
(ii) For ky = pi/p,
P±x (kx) = 2κ
2(κ2 − 2) + 1± 2κ
√
κ6 − 4κ4 + 5κ2 − 2.
B. Regular Square Coupled MRRs Array
In this case, the eigen values/eigen modes for the Γ/M/X points of some typical ring arc lengths can be obtained.
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TABLE II
BLOCH EIGEN MODES [a1, b1, a2, b2, a5, b5, a6, b6] OF THE REGULAR SQUARE COUPLED MRRS ARRAY
PL = ±1, (kx, ky) = (pi/p, 0) M point: Bloch mode #1 [0, 1, 1, 0, κ(κ− jτ), τ(τ − jκ),−κ(κ− jτ),−τ(τ − jκ)]
PL = ±1, (kx, ky) = (pi/p, 0) M point: Bloch mode #2 [1, 1, 0, 0, 1− κ(κ− jτ), κ(κ+ jτ),−1 + κ(κ− jτ),−κ(κ+ jτ)]
PL = ±1, (kx, ky) = (0, pi/p) M point: Bloch mode #1 [0, 1,−1, 0,−κ(κ+ jτ),−τ(jκ+ τ),−κ(κ+ jτ),−τ(jκ+ τ)]
PL = ±1, (kx, ky) = (0, pi/p) M point: Bloch mode #2 [−1, 0, 0, 1,−κ(κ+ jτ) + 1, κ(κ− jτ),−κ(κ+ jτ) + 1, κ(κ− jτ)]
PL = ±j, (kx, ky) = (0, 0) Γ point: Bloch mode #1 [0, 1,−1, 0,−κ(jκ− τ),−τ(κ− jτ),−κ(jκ− τ),−τ(κ− jτ)]
PL = ±j, (kx, ky) = (0, 0) Γ point: Bloch mode #2 [−1, 0, 0, 1, τ(κ+ jτ),−κ(jκ+ τ), τ(κ+ jτ),−κ(jκ+ τ)]
PL = ±j, (kx, ky) = (pi/p, pi/p) X point: Bloch mode #1 [0, 1, 1, 0, κ(jκ+ τ),−τ(κ+ jτ),−κ(jκ+ τ), τ(κ+ jτ)]
PL = ±j, (kx, ky) = (pi/p, pi/p) X point: Bloch mode #2 [1, 0, 0, 1,−τ(κ− jτ),−κ(jκ− τ), τ(κ− jτ), κ(jκ− τ)]
1) 1/4-wavelength ring arc: In this case, PL = ±1 and the four eigen modes reduce to two degenerated Bloch modes
at the BZ M points (kx, ky) = (pi/p, 0) and (kx, ky) = (0, pi/p). The Bloch modes (both eigen values and eigen vectors)
are given in Table II for the incident input waves array i = [a1, a2, a5, a6, b1, b2, b5, b6]′ and the output waves array o =
[b3, b4, b7, b8, a3, a4, a7, a8]
′ are related to the input waves through the Bloch wave condition with the corresponding eigen
values according to the secular equation in Eq. (7).
2) 1/8-wavelength ring arc: In this case, PL = ±j and the 4 eigen modes reduce to two degenerated Bloch modes at the
BZ Γ point (kx, ky) = (0, 0) and BZ X point (kx, ky) = (pi/p, pi/p). The Bloch modes are also given in Table II.
VIII. SIMULATION RESULTS
Numerical simulation has been performed to obtain the dispersion curves and eigen modes for the 2D interstitial square
coupled MRRs array. Here results are shown for some typical cases: 1) identical couplers with a λ/8 interstitial-ring arc; and
2) regular square coupled MRRs array with a λ/4 site-ring arc. During simulation a coupling strength of κ = 1/4 is used.
A. Dispersion Curves
During the simulation, two BZ lines are calculated: i) Γ −M BZ line; and 2) M − X BZ line, by setting ky = 0 and
ky = pi/p respectively. When ky is given, the (8× 8) transfer matrix in Eq. (7) reduces to a (4× 4) matrix with the variable
of kx, which gives four eigenvalues and their corresponding eigen modes for an angular frequency ω.
1) Identical Couplers: In this case, a 2D interstitial square coupled MRRs array with identical couplers (κ0 = κ = 1/4) is
studied. The arc length of the site-ring is Li = 5 18λ, i = 1, 2, 3, 4, giving a radius of Ri = 4Li/pi ∼ 10µm; and the arc length
of the interstitial-ring is L0 = 2 18λ, giving a radius of R0 = 4L0/pi ∼ 4µm.
The top plot of Fig. 3 shows the result for the Γ−M BZ line when ky = 0: the red/blue lines are the real/imaginary parts
of the four eigen values of k(i)x , i = 1, 2, 3, 4 and the red shaded areas are the bad gaps. Note that the wave vector kx of the
horizontal axis is in the unit of pi/p and the vertical axis is the phase of the interstitial-ring’s arc length ΦL0 = 2piL0/λ in the
unit of pi. From Fig. 3, at ΦL0 = 4
1
4pi, the four modes degenerates to two doubly-degenerated eigen modes, as expected in
the analytical result given in Eq. (16). The one of the two doubly-degenerated eigen modes is a mode with loss and the other
one is a mode with gain because κ = 1/4 ∈ [0, (3−√5) /2). The eigen wave vectors are obtained as k(1,2)x = j0.52pi/p and
k
(3,4)
x = −j0.52pi/p, verifying the analytical result given in Eq. (16).
Also, the bottom plot of Fig. 3 shows the result for the M −X BZ line when ky = pi/p: the four doubly-degenerated eigen
wave vectors are obtained as k(1,2)x = 0.23pi/p and k
(3,4)
x = −0.23pi/p, also verifying the analytical result given in Eq. (19).
At last, the band gaps (red shaded areas) can be verified according to Eq. (29) to Eq. (31).
2) Regular Square Coupled MRRs Array: In this case, a decoupled regular square coupled MRRs array with a coupling
strength of κ = 1/4 is studied. The arc length of the site-ring is Li = 5 18λ, i = 1, 2, 3, 4.
The top plot of Fig. 4 shows the dispersion curve along the Γ−M BZ line (ky = 0), from which the eigen wave vectors
at ΦL = 10 12pi are obtained as four degenerated eigen wave vectors: k
(1,2,3,4)
x = pi/p, verifying the analytical result given in
Eq. (24).
Similarly, the bottom plot of. 4 shows the dispersion curve along the M −X BZ line (ky = pi/p), from which the eigen
wave vectors at ΦL = 10 12pi are obtained as four degenerated eigen wave vectors: k
(1,2,3,4)
x = 0, verifying the analytical result
given in Eq. (28).
At last, the band gaps (red shaded areas) can be verified according to Eq. (32) and Eq. (33).
B. Eigen Modes
After the eigen wave vectors are obtained, the eigen modes’ field distribution can also be calculated through the secular
equation given in Eq. (7).
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Fig. 3. Dispersion relation for the 2D interstitial square coupled MRRs array of identical couplers (κ0 = κ = 1/4) around ΦL0 = 4.25pi: top) along
Γ−M BZ line (ky = 0); and bottom) along M −X BZ line (ky = pi/p).
1) Identical Couplers: The left plots of Fig. 5 show the four doubly-degenerated eigen modes’ field distribution at ky = 0,
with the corresponding eigen wave vectors k(1,2)x = j0.52pi/p (mode with gain) and k
(3,4)
x = −j0.52pi/p (mode with loss)
shown in the top dispersion plot of Fig. 3. The real/imaginary parts of the eigen modes’ field are shown on the top/bottom
plots respectively.
Also, the right plots of Fig. 5 show the eigen modes’ field distribution at ky = pi/p, with the corresponding eigen wave
vector k(1,2)x = 0.23pi/p (mode propagating forward) and k
(3,4)
x = −0.23pi/p (mode propagating backward) shown in the
bottom dispersion plot of Fig. 3.
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Fig. 4. Dispersion relation for regular the square coupled MRRs array (κ0 = 0 and κ = 1/4) around ΦL = 10.5pi: top) along Γ−M BZ line (ky = 0);
bottom) along M −X BZ line (ky = pi/p).
2) Regular Square Coupled MRRs Array: Similarly, Fig. 6 show the eigen modes’ field distribution for the regular square
coupled MRRs array (κ0 = 0): left) ky = 0 with a four degenerated eigen wave vector of k
(1,2,3,4)
x = pi/p (BZ M point:
kx = pi/p, ky = 0), corresponding to the top dispersion plot in Fig. 4; and right) ky = pi/p with a four degenerated eigen
wave vector of k(1,2,3,4)x = 0 (BZ M point: kx = 0, ky = pi/p), corresponding to the bottom dispersion plot in Fig. 4. Due
to the C4v symmetry of the regular square coupled MRRs array [72], the four degenerated eigen modes of ky = pi/p can be
obtained by rotating those of ky = 0 by 90◦.
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Fig. 5. Eigen modes’ field distribution for the doubly-degenerated four modes in Fig. 3: κ0 = 0 at PL0 = 4.25pi, with the real/imaginary parts of
the eigen modes’ field distribution shown on top/bottom respectively: left) for ky = 0 and the four doubly-degenerated eigen values are imaginary with
k
(1,2)
x = j0.52pi/p (gain) and k
(3,4)
x = −j0.52pi/p (loss); right) ky = pi/p and all the four doubly degenerated eigen values are all real (propagating
modes) with k(1,2)x = 0.23pi/p (gain) and k
(3,4)
x = −0.23pi/p.
IX. APPLICATIONS
MRRs and arrays have the great potential applications in areas such as integrated filters and resonance based sensing. One
important common parameter of MRRs is the quality factor Q, which is related to the energy dissipation rate of the MRRs.
The total quality factor includes both the quality factor due to the intrinsic loss of the MRRs, i.e., Q0 and the loaded quality
factor due to the coupling to the input/output couplers, i.e., QL. The quality factor can be studied in two ways [97]: 1) through
the group velocity according to the dispersion relation Q ∝ 1/ |vg(ω)| = 1/ |∇kω|; and 2) through the Full Width at Half
Maximum (FWHM) as Q = 1/FWHM. The group velocity method of 1) can provide qualitative insight about the Q through
the dispersion curves such as those in Fig. 3 and Fig. 4; While the FWHM method of 2) is a convenient numerical way to
calculate the Q, with the help of the transfer matrix of the unit cell of the interstitial square coupled MRRs array in Eq. (7) and
appropriate terminating boundary conditions. To do this, the reflection r and transmission T in Fig. 7 can be expanded into the
superposition of the eigen modes such as those in Fig. 5 and Fig. 6 with unknown coefficients; then the solution can be obtained
by imposing the corresponding boundary conditions. Here the loaded quality factors QL for three MRRs configurations are
calculated with the FWHM method of 2) and compared: i) the 1-ring configuration; ii) the 4-ring configuration; and iii) the
interstitial 5-ring configuration. Fig. 7 shows the obtained loaded quality factor QL vs. the input/output coupling coefficients
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Fig. 6. Eigen modes’ field distribution for the four doubly-degenerated modes for the regular square coupled MRRs array (κ0 = 0) at ΦL = 10.5pi, with
the real/imaginary parts of the eigen modes’ field distribution shown on top/bottom respectively: left) ky = 0 with the four degenerated eigen wave vectors
of k(1,2,3,4)x = pi/p; and right) ky = pi/p with the four degenerated eigen wave vectors of k
(1,2,3,4)
x = 0.
κin = κout ∈ (0, 0.5] of the input/output couplers at the top/bottom respectively, for a ring-ring coupling coefficient of
κi = κ0 = 1/4, i = 1, 2, 3, 4. It can be seen that the interstitial 5-ring configuration has a loaded quality factor up to 20 times
as high as that of the 1-ring configuration, i.e., Q(5)L = 20 Q
(1)
L , and up to 8 times as high as that of the 4-ring configuration,
i.e., Q(5)L = 8 Q
(4)
L . This is partly due to that more rings increases the energy storage length. But more importantly, it is due
to the dispersion enhancement of the structure geometry configuration: the degeneration of the eigen modes such as those in
Fig. 3 allows mixing of the degenerated eigen modes by the incident wave at the input port, greatly increasing the energy
stored per unit length of the MRRs and the loaded quality factor is thus dramatically increased. Such high value of loaded
quality factor of the interstitial coupled MRRs array makes it a strong candidate to form high-quality filters and resonance
based sensing devices. Also, note that the quality factor due to the intrinsic loss Qloss can be readily calculated and the total
quality factor is given by 1/Q = 1/QL+1/Qloss. What’s more important, when both loss and gain are introduced and balance
each other to form the parity-time symmetric sensor, higher quality factor can be obtained [46]. Finally, the quality factor can
be further improved by tuning the coupling coefficient of ki, i = 0, 1, 2, 3, 4 and κ0 individually, providing more flexibility to
design better integrated photonics components with the interstitial square coupled MRRs array.
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Fig. 7. Loaded quality factors Q vs. the input/output coupling coefficients κin = κout of three MRRs configurations: i) 1-ring configuration (green dots);
ii) 4-ring configuration (blue squares); and iii) interstitial 5-ring configuration (red stars).
X. CONCLUSION
In this paper, the interstitial square coupled MRRs array has been investigated. TMM is used to obtain the dispersion
relation under the Floquet-Bloch periodic condition. Analytical formulas of eigen wave vectors, band gaps and eigen modes’
field distribution are derived for the particular cases of the interstitial square coupled MRRs array with identical couplers and
the regular square coupled MRRs array. It is found that the eigen modes are doubly degenerated for the 2D interstitial square
coupled MRRs array and all four eigen modes are degenerated for the regular 2D square coupled MRRs array, when the
arc length is multiple integer of quarter wavelength. Then, the eigen mode field distribution is calculated through the secular
equation after the four eigen wave vectors along a BZ line for a given frequency is obtained. Numerical simulation is performed
for both a 2D interstitial coupled MRRs array with identical couplers and a regular square coupled MRRs array; the simulation
results verify the analytical analysis. At last, it is found that the loaded quality factors of the interstitial 5-ring configuration is
up to 20 times and 8 times as high as those of the 1-ring configuration and the regular 4-ring configuration respectively. Such
high quality factor indicates that the interstitial square coupled MRRs array has the potential to form high-quality integrated
photonics components such as filters and resonance based sensing devices.
APPENDIX
The definition of each port of the (4 × 4) coupler is shown in Fig. 8. The incident input waves array and outgoing waves
array are given by a ≡ [aI , aII , aIII , aIV ]′ and b ≡ [bI , bII , bIII , bIV ]′ respectively.
b = S
(4×4)
a : S
(4×4)
=

0 0 τ jκ
0 0 jκ τ
τ jκ 0 0
jκ τ 0 0
 (34)
Depending on the input ports and output ports, the transfer matrix can take different forms. The transfer matrix can be
obtained by re-arranging the input/output waves in the scattering matrix given in Eq. (34). The following two transfer matrices
are used for the 2D interstitial square coupled MRRs array.
(i) (I, II) Input ports/(III, IV ) Output ports:
o(III,IV ) = T
(I,II)
(III,IV )i(I,II), (35)
where i(I,II) = [aI , aII , bI , bII ]′ and o(III,IV ) = [aIII , aIV , bIII , bIV ]′; and the transfer matrix T
(I,II)
(III,IV ) is given in
Table I.
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Fig. 8. Ports definition of the coupler.
(ii) (I, III) Input ports/(II, IV ) Output ports:
o(II,IV ) = T
(I,III)
(II,IV )i(I,III), (36)
where i(I,III) = [aI , aIII , bI , bIII ]′ and o(II,IV ) = [aII , aIV , bII , bIV ]′; and the transfer matrix T
(I,III)
(II,IV ) is given in Table
I.
The (8×8) transfer matrix T (8×8)cell in Eq. (7) can be obtained by connecting all the input ports to all the output ports through
the two (4 × 4) transfer matrices T (I,II)(III,IV ) and T
(I,III)
(II,IV ) given in Eq. (35) and Eq. (36) respectively. Here, ports (1, 2, 5, 6)
are used as the input ports with the input waves defined as i1256 ≡ [a1, a2, a5, a6, b1, b2, b5, b6]′ and ports (3, 4, 7, 8) are used
as the output ports with the output waves defined as i3478 ≡ [a3, a4, a7, a8, b3, b4, b7, b8]′. Then T
(I,III)
(II,IV ) is used for couplers
C2 and C4 and T
(I,II)
(III,IV ) is used for all other couplers to connect all input ports (1, 2, 5, 6) to all output ports (3, 4, 7, 8).
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